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We f ind an a n a l y t i c a l  so lu t i on  fo r  the  equa t ion  of t he  b e a m  t r a j e c t o r y  fo r  a r b i t r a r y  l e n s - l i k e  
m e d i a  of the  t ype  n = n(y).  We e x a m i n e  the  op t i c a l  p r o p e r t i e s  of c e r t a i n  s p e c i f i c  l e n s - t y p e  
m e d i a .  

P a r t i c u l a r  a t t en t ion  i s  be ing  devo ted  a t  t he  p r e s e n t  t i m e  to the  d e v e l o p m e n t  of l e n s - l i k e  m e d i a  by  a 
t h e r m a l  p r o c e s s  [1, 2]. P a r t i c u l a r  i m p o r t a n c e  i s  a s c r i b e d  to  the  d e v e l o p m e n t  of the  t h e o r y  of t h e r m o d y -  
n a m i c  g a s  l e n s e s .  T h e  s tudy  of the  b e h a v i o r  of a l igh t  b e a m  in a g a s  l ens  i s  p o s s i b l e  wi th  v e r y  good  a p p r o x -  
i m a t i o n  wi th in  the  f r a m e w o r k  of g e o m e t r i c  o p t i c s .  Le t  us  a n a l y z e  the  t r a j e c t o r y  of a b e a m  in a c y l i n d r i c a l  
g a s  l e n s  wi th  a r b i t r a r y  a x i s y m m e t r i c  t e m p e r a t u r e  d i s t r i b u t i o n .  The  d i s t r i b u t i o n  of the  r e f r a c t i v e  index  in 
such  a l en s  i s  a l s o  a x i s y m m e t r i c ,  and we can  t h e r e f o r e  l i m i t  o u r s e l v e s  to  t he  p l a n e  c a s e .  In C a r t e s i a n  c o -  
o r d i n a t e s  the  equa t ion  fo r  the  t r a j e c t o r y  has  the  f o r m  

g" = ~-l/(1 + g,z) On On I (1) 
n - v '  O + ox f 

We wi l l  a s s u m e  - a s  i s  the  c a s e  u n d e r  r e a l  c o n d i t i o n s  - tha t  t he  r e f r a c t i v e  index  i s  a w e a k  funct ion  of the  x 
c o o r d i n a t e  in the  d i r e c t i o n  of b e a m  p r o p a g a t i o n .  The  r e f r a c t i v e  index  m a y  b e  r e g a r d e d  in t h i s  c a s e  a s  an 
e x c l u s i v e  funct ion  of t he  r a d i u s  n = n(y) .  T h e  l i t e r a t u r e  c o n t a i n s  a p p r o x i m a t e  s o l u t i o n s  of (1) fo r  c e r t a i n  
s p e c i a l  c a s e s  [3, 4]. H e r e  we f ind  an exac t  so lu t i on  fo r  (1) fo r  a r b i t r a r y  l e n s - l i k e  m e d i a  of the  n = n(y) 
t ype  and we  i n v e s t i g a t e  the  s p e c i f i c  l e n s - l i k e  m e d i a .  I t  i s  d e m o n s t r a t e d  tha t  un l ike  t he  a p p r o x i m a t e  so lu t ion ,  

t he  e x a c t  so lu t i on  of (1) y i e l d s  q u a l i t a t i v e l y  new r e s u l t s .  

F o r  a r b i t r a r y  l e n s - l i k e  m e d i a  of the  n = n(y) t ype  Eq.  (1) h a s  the  f o r m  

g,, 1 ( 1 +  ,2.On y (2) 

T a k i n g  y a s  an i n d e p e n d e n t  v a r i a b l e  and i n t r o d u c i n g  the  new func t ion  

,2 (3) u @ = v , 

we b r i n g  Eq.  (2) to  the  f o r m  of a l i n e a r  f i r s t - o r d e r  n o n u n i f o r m  equat ion ,  i . e . ,  

du 2 1 dn 1 dn 
. . . .  u = 2 - -  - - ,  (4) 
dy n dg n d v 

w h o s e  o v e r - a l l  s o l u t i o n  h a s  t he  f o r m  

I n t e g r a t i n g  (5) y i e l d s  the  b e a m  t r a j e c t o r y  

,, (5) u =  g =cinZ(y) - 1 .  

dg 
x - -  c2 = V cln ~ (V) - -~" 

The  a r b i t r a r y  c o n s t a n t s  c I and  c 2 a r e  d e t e r m i n e d  f r o m  the  b o u n d a r y  c ond i t i ons  

v '  Ix=0 = v0, v ]x=0 = v0. 

(6) 

(7) 
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In addi t ion ,  l e t  us  e x a m i n e  c e r t a i n  s p e c i f i c s  f r o m  l e n s - l i k e  m e d i a .  We know [6, 7] tha t  in a tube  with  
a u n i f o r m  hea t  f low t h r o u g h  the  wal l ,  in the  p r e s e n c e  of f o r c e d  convec t ion ,  g iven  s u f f i c i e n t l y  l a r g e  v a l u e s  of 
x we  have  a c o m p l e t e l y  d e v e l o p e d  t e m p e r a t u r e  p r o f i l e ,  and n a m e l y :  

T - -  T o 4x f __ 1 ~ 7 (8) 
R - -  PrRe + 4 - g - - 2 4 - "  q - -  
X 

H e r e  i t  i s  a s s u m e d  tha t  x = z / R ,  y = r / R .  We s e e  f r o m  (8) tha t  fo r  s h o r t  l e n s e s ,  g iven  s u f f i c i e n t l y  l a r g e  
R e y n o l d s  n u m b e r s ,  we can  t r e a t  the  t e m p e r a t u r e ,  in a p p r o x i m a t e  t e r m s ,  a s  an e x c l u s i v e  funct ion  of the  y 
c o o r d i n a t e .  If we  r e s t r i c t  o u r s e l v e s  to  an i n v e s t i g a t i o n  of the  b e a m s  p r o p a g a t i n g  in a r e g i o n  s u f f i c i e n t l y  
c l o s e  to  the  ax i s  of the  tube,  i n s t e a d  of (8) we w i l l  have  

T_To qR(  7 )  = ~ g 2  ~ -  . (9) 

The  d i e l e c t r i c  c o n s t a n t  i s  a s s o c i a t e d  wi th  t e m p e r a t u r e  b y  the  r e l a t i o n s h i p  

8 = 1 +  % - I  To . (10) 
T 

If (T - T0/T0)  2 << 1, the  fo l lowing  equa t ion  i s  va l i d :  

T~ = 1 T--T~ (11) 
T To 

Subs t i t u t i on  of (11) and (9) in to  (10) y i e l d s  the  q u a d r a t i c  m e d i u m  

s = % - -  a f ' ,  (12) 

w h e r e  

,S; ~--- 8 0 -}-  

m 

7 qR ( % - -  1) . 

24 ;% T O 

qR (Co-- 1) 

~, T O 

(13) 

Since  n = ~ .  a c c o r d i n g  to  (6) we have  

X - -  C2 -~- 
dg 

~ r '  ci (~ - -  ay~) -I 

A f t e r  i n t e g r a t i o n  of (14) and s i m p l e  t r a n s f o r m a t i o n s  we have  

l /C:; - -  1 v = s i .  Vc~ (~- q), 
F cio~ 

w h e r e  

go + 1  

I 1 / / -  c,a C z = - -  _ _  a r C  S i l l  Yo ~ - -  ' "  
clc~ V cf% - -  I 

Thus, in this case the trajectory is a smusoid with the amplitude 

A = 1 / / - ~ , ~ - ~  - 1 = 1/ :  % ~ o -  ~:o 

and the  p e r i o d  

i c~ 1 go + 1  

(14) 

(15) 

(I6) 

(17) 

(is) 
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It fol lows f r o m  (17) and (18) that  the ampl i tude  and pe r iod  of the osc i l la t ion  a r e  funct ions  of Y0 and y~. A 
consequence  of the  r e l a t ionsh ip  be tween the pe r iod  and the boundary  va lues  is abe r ra t ion ,  p r i m a r i l y  s p h e r -  
i ca l  abe r r a t i on .  It is  i n t e r e s t i ng  to note  that  f r o m  the  app rox ima te  solut ion of the t r a j e c t o r y  equation fo r  
the quadra t ic  m e d i u m  the conc lus ion  is drawn in [3] that  the l a t t e r  is f r e e  of a b e r r a t i o n s .  

If we do not l imi t  o u r s e l v e s  to  a r eg ion  suff ic ient ly  c lo se  to the axis  of the tube, in analogous  fash ion  
ins tead  of (14) we f ind the b e a m  t r a j e c t o r y  which is e x p r e s s e d  in t e r m s  of the fol lowing e l l ip t ical  in tegral :  

x--c2= S @ (m) V 12 4 ~, (~; - ~v ~ + ~ -  v ) - 1 

w h e r e  

If cle6 < 1, 

while if cte~ > i, 

F o r  example,  

Yo + 1  
c~ = (20) 

(~ 4 

the in t eg ra l  in (19) is b rough t  to the  f o r m  

2 ff dy 
x -  c2 = v q--~ V @  + a S) @ - ~ Y '  

it is  b rough t  to the f o r m  

2 S dy 
- c~ - V ~  V ( ~  - v ~) @ - v~)" 

let  us  ana lyze  the in teg ra l  in (21). F r o m  a c o m p a r i s o n  of (19) and (21) we find that  

a ~ = - 2 + 2  1 / 1  + l - - c i s  o 
V CllY, 

l / l  + b 2 = 2 + 2 1 - -  cie o 

(21) 

(22) 

(23) 

The  subs t i tu t ions  which t r a n s f o r m  the e l l ip t ica l  i n t eg ra l  in (21) to n o r m a l  L e g e n d r e  f o r m  a r e  d i f ferent  fo r  
the v a r i o u s  in tegra t ion  i n t e rva l s  [5]. If ~ > b > O, then 

,j 
S dy ! 

t" (ye + a S) (y~ _ b ~) = V a - ~ - - ~  F (% k), (24) 
b 

(25) 

w h e r e  F (g0, k) is an e l l ip t ica l  i n t eg ra l  of the f i r s t  kind; 

b (p = arc cos - -  ; 

k ~  a 
1/ a S + b  ~ 

Subst i tut ion of (24) into (22) y ie lds  

It  would be  pos s ib l e  to p e r f o r m  ca lcu la t ions  of this  type  for  any in t eg ra t ion  in te rva l  [5]. 
funct ional  equat ions  

2 I 
x - -  c z = - F (% k). (26) 

I cia 1 a 2 + b ~ 

Cons ide r ing  the 

w h e r e  K (k) = F 0r/2 
wil l  be  at  the points  

F(--cp, k ) = - - F ( c p ,  k), 

F (rn~ + ~, k) = 2inK(k) + F (% k), 
(27) 

k), we conc lude  that  the m a x i m u m  deviat ion of the b e a m  f r o m  the axis  of the l ightguide 

(2m -L-_ 1) K (k).2 
m = 1 / c ~  V a~ + o ~ + c2, 

(2s) 
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and the beam will in tersect  the axis of the tube at 

X r  ~ - -  

with the oscillation per iod 

2nK (k). 2 

V' cia V a2 + b 2 ' 
(29) 

41((k). 2 (3(}) 
�9 ~ ~ x~ -- x,~_2 -- J/cla ~ a s § b 2 

as in (18) being a function of the boundary values Y0, Y~, and the magnitude of the heat flow. 

In conclusion, it should be pointed out that the derived formula (6) makes it possible not only to deter- 

mine the trajectory for any n = n (y), but to find lens-like media which ensure the specified beam trajectory, 

which on occasion is no less important. 

n 

Y 
X 

q 
k 

To 
T 
R 

T 

F(~, k) 
K(k) 

N O T A T I O N  

is the re f rac t ive  index; 
is the dielectr ic  constant; 
is the t r ansve r se  coordinate; 
is the longitudinal coordinate; 
is the heat flow; 
is the coefficient of thermal  conductivity; 
is the t empera tu re  at the tube inlet; 
is the t empera tu re  at the point where the profi le is completely developed; 
is the tube radius; 
~s the dielectr ic  constant at the inlet to the segment with a completely developed t empera tu re  

profile; 
is the oscillation period; 
is an elliptical integral  of the f i rs t  kind; 
is the total elliptical integral  of the f i rs t  kind. 
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